NASA Contractor Report 181887
ICASE Report No. 89-53

ICASE

THE NONCONVEX MULTI-DIMENSIONAL RIEMANN

PROBLEM FOR HAMILTON-JACOBI EQUATIONS

Stanley Osher

Contract No. NAS1-18107
August 1989

Institute for Computer Applications in Science and Engineering
NASA Langley Research Center
Hampton, Virginia 23665-5225

Operated by the Universities Space Research Association

NASAN

National Aeronautics and
Space Administration

Langley Research Center
Hampton, Virginia 23665-5225 — - - - T

; 6R7) = N7 N £X
(NA‘EA—C"-‘l'dlBB?) THE NONCONV

CTEMANN PRO
ULT[—UIMENSL \ NS nal Repor .
:AHILTDﬁ—JACG“I cQUATIONS Fi csSel 12A

(1cAsF) 11 P






THE NONCONVEX MULTI-DIMENSIONAL RIEMANN PROBLEM
FOR HAMILTON-JACOBI EQUATIONS

Stanley Osher*
Department of Mathematics

University of California
Los Angeles, California 90024-1555

ABSTRACT
We present simple inequalities for the Riemann problem for a Hamilton-Jacobi
equation in N space dimension when neither the initial data nor the Hamiltonian
need be convex (or concave). The initial data is globally continuous, affine in each
orthant, with a possible jump in normal derivative across each coordinate plane,
z; = 0. The inequalities become equalities wherever a “maxmin” equals a “minmax”

and thus an exact closed form solution to this problem is then obtained.

*This research was supported by the National Aeronautics and Space Administration under
NASA Contract No. NAS1.18107 while the author was in residence at the Institute for Computer
Applications in Science and Engineering (ICASE), NASA Langley Research Center, Hampton, VA
23665. Additional support was provided by NSF Grant No. DMS88-11863, DARPA Grant in the
ACMP Program, ONR Grant N00014-86-K-0691, and NASA Langley Grant NAG-1-270.
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We shall be concerned with solutions to the following differential equation
(H-J) ot + H(D:p)=0 in RN x(0,00)
where HeC(RY) and D¢ = (¢z,,...,¢z,) is the spatial gradient of ¢.

We shall take special (Riemann) initial data. Let u],u] be constants and

define

ui(z)=ulf if ;>0

(1)
ui(z)=u; if z;<0
for: =1,...,N. Then take:
N
(2) <po(2:)=A+Zz,~ ui(z)=A+z-u(z)

=1

We wish to solve H-J with initial data (2) in the class of viscosity solutions
as defined in [2]. The four properties of viscosity solutions that we shall need here

(apart from existence, uniqueness derived in [2]) are:
(P1) The solution ¢(z,t) is a non-decreasing function of the initial data.

(P2) The partial derivatives ¢, satisfy a maximum principle at points of continuity,

ie forz=1,...,N:

min(u,-—,uf') < ¢z, < max(u], ul).

(P3) The speed of propagation is finite.
(P4) If Y(z2,...,zN,t) is a viscosity solution of

Ve + H(vy, Yzgye oy zy) =0
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for a constant v; then
Lp(xv t) =uz + ¢(.'172, s )stt)

is a viscosity solution to (H-J).

Let
Q=0 xQy x--- x QN

where forz =1,...,N:

Q; = {v/ min(u],uf) < v < max(u], uf)}

Finally we let, for:=1,...,N:
Xi = sign (u —u7)

For convenience only, we order the indices so that

X,'=1, i=1,2,...,j
Xi=-1, t=3+1,...,N
(7 might be 0 or N + 1).

We now state:

THEOREM 1. The viscosity solution to (H-J) with initial data (2) satisfies:

A+ max max-+--max min --- min [z-v— tH(v)]
vy, vaeflq viefd; vj 412841 vNeQd N
(3) < ¢(z,t) <
A+ min .- min max--- max[z-v— tH(v)]
vj+1eﬂj+1 vnedy vyefly v; e8};

We note that if all the xi = 1, then this solution is just rnahx[a: -v—tH(v))], if all
ve

the xi =—1itis mx{rzl[:c -v—tH(v)]. Otherwise we have a pointwise inequality which
ve
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gives the exact solution whenever the first and last terms in (3) are equal. This
occurs e.g. if H(v) = Hy(v1,...,v;) + H2(vj41,...,vn), ie., if the Hamiltonian

separates, and in many other cases.

The rest of this paper consists of the proof of this theorem, and some remarks

about both conservation laws and numerical approximations to H-J.

It is easy to see that the solution to the Cauchy problem satisfies
(4) elz,t) =tg(3) + A=1tg(() + 4
where g satisfies:
(5) g=C-Deg— H(Dcg) = —=H(91(€), 92(O)s -, n(0))

where D.g is continuous.

In H-J, welet r = t,y; = z; — (it for ¢ fixed. H-J becomes =
wr + H(Dyp) — (Dyyp
(H-J%)
=pr+ Hl(Dy‘P) =0

with the same initial data (2).

Thus, by (5), to evaluate g(¢) we need only evaluate —H'(D,g) at y = 0, for
any t > 0. From (P1) above we know that (D,g),=¢ lies in 2 for ¢ > 0. Moreover,
if we integrate (H-J)! from ¢ = 0 to t = At we have

#(0,At) = A — AtH'((Dyg)y=0)

(6) = 0(0) — AtH'(D3'¢0(0), D20 (0); D*0(0), DZ*o(0); - -

-=+; DIV 0o (0), DIV o(0))
Here:
(7 D% e(0) = j:((,oo(:i:he,-) — 0(0)) _
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wheree; = {0,0,...,1,0,...,}, the i*h unit vector, and H'(ut, ul;ud, uz;. . ; uf,uy)

is determined by (6).

This formula can be interpreted as a numerical algorithm. Suppose we are
given a grid

' =j;hi=1,...,N; ji=0,%1,...

and values of a discrete function %; = %j, j,...jx- Then for each j, we construct the
piecewise affine function which, in each of the 9N orthants centered at j, interpolates
.%; and its N nearest neighbors, ¥j+.; forz=1,... ,N. From (P3) above, if

At 1 1

venr(d)
iml,...,. N

where (9 is the same as Q2 with each u, u] replaced by DZ'v;, D¥¢;, then the
solution to the initial value problem (H-J)! with the above affine initial data in the
diamond centered at j when evaluated at z = z; and t = At is independent of the

values of the initial data outside of this diamond.

Thus (6) (with ¢o(0) replaced by %7 and ¢(0, At) by d)}"“), gives us a mono-
tone finite difference scheme approximating (H-J)! which is in differenced form with
numerical Hamiltonian H!. These concepts were introduced in [3]. The scheme is
monotone, which means that the right side of (6) is an increasing function of all the
Pjxe;, because of property (P1). The function H! is called Godunov’s Hamiltonian
by analogy with the definition of Godunov’s scheme for conservation laws in one

space dimension [5]. The scheme is consistent, which means

fIl(‘ul,ul;U2,U2;...;'UN,’UN) = HI(U1,U2,...,UN)

Monotonicity implies that
Yt = ut u=c . cutus
H'(uf,uljug,uz5,..- s uN, Uy)
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is a nonincreasing function of all the 4} and a non-decreasing function of all the

u; . In particular, for N = 1, this means for any v;eQ2 = Q:

(9) sgn (uf —u )[H'(uf,u7) — H'(v)]
=sgn (u] —w)[H'(uf ,u7) — H' (v, u7)]
+ sgn (v1 — “1—)[}?1(”1,"1.) - H'(w, v1)]

<0
But, by (P2), B (u},u]) = H'(&,) for some @; in Q. Thus we have
(10) H'(ut,u7) = xa vfgiéll x1H(vy)

(This formula was obtained earlier in [6]). Now we proceed inductively. Suppose,
for N < M —1, we have

max -+ max min--- min H'(vy,vq,...,0N)
vi416825 41 uneQdy v1eQ), v; 8}
100t y= eyt u= et =
(11) S H (ul,ulu3,uy ;... Up, Uy)
< min---min max --- max H!(v,vs,...,0n)
‘01691 v,'eﬂ,- v,‘+1¢ﬂj+1 UNEQN

where
Xi =1, i=11""j

Xxi = -1, t=j5+1,...,N

Next we have, N = M and for any v,£Q;:

(12) Xl[ﬁl(uf,u;;u;,uz—;...;u;,,u;,)
—-I:fl(vl,vl;u;',u.;;...;u}{',[,ux,})]

<0

using the same argument as in (9).



Now, for any fixed vy, H (v, vi;ufuy,...; ux,, u}y) is Godunov’s Hamiltonian

when the initial data for (H-J)! has a constant z; derivative,

)

—(z)=wn

3271
Then it follows from (P4) that

Ty _ T, L2 T T
g(t)—tvl+g(t’t""t

(where g also depends on v;).

By the induction hypothesis, this means we have

(13) xlﬁl(ui",u;;u;’,u{;...;u}:,,ul‘u')
< x1 B (v1, 01547 ug 5. udg, uhy)
= —-x1§(0,0,...,0)

. ) !
= x1Xx2 min xz2---xp min xy H'(vy,v2...v0)
veefls vareSiag

= XIHl(vlaibv""i}M)

where the extrema is taken on at ¥,,...,7ps, which depends on v;. The vector
(v1,V2,...,0n)eS; where v1eQ); is arbitrary. We next take ntl’in of the expression
in (13); If all the x; = 1 or all the x; = —1 we have equality by (P2). Otherwise
xi=1 1<:i:<j xi=-1, j+1<1:< M and we have the right hand inequality
in (11). Next we have, for any v;+1682+1, following the argument above:

(14)

ﬁl(ui",ui';u;',u;;...;u';!,u;,,)

frle, + ,,—. . . T -
ZH (Ul UL 5w e 5 Ujb1y Vi1 - - -3 YRy Ung)

. . . . 1
> Xj+2 min  xj42-c-xm min xmxi min x1---x; min x; H (v1,v2,...0m)
Vj42¢8i 42 vaprefdag vy, v; e}

We next take the max of the expression in (P4) which gives us the left hand in-

Vi+1

equality in (11).



We have now obtained formula (11) for any N; using (4) and (5) give us

 Theorem 1.

We note that (11) validates the conjecture about Godunov’s Hamiltonian in [7]
when the inequalities in (13) and 14) become equalities. That paper also discusses

the high-order accurate non-oscillatory numerical solution of (H-J) in some detail.

If we take the space gradient of (H-J) and call u; = ¢, ,u2 = ¢q,, etc., we
arrive at the system of conservation laws

(14) (u,)t+53—H(u1,,uN)=0, 1=1,,N

with intial data:
u,-(:z:,O) = u}*’ ifz; >0

=u; ifz; <0
t=1,...,n
Then taking the space gradient of (3) gives us information about the solution to

this special Riemann problem for a special system of conservation laws.

We finally remark that if the initial data is convex (concave) or if H(uy,...,un)
is convex (concave) then the Hopf formulas [1] for this problem apply. In the case
N=1it wa_s:"sh,o,wn in [1] that these formulas give the solution (3) originally derived
in [6]. (In the one dimensional case the Riemann initial data is automatically convex
or concave). The same must be true in the multi-dimensional convex or concave
case. Our general nonconvex results presumably follow from the rather complicated
formulas in [4], although the connection seems to be unclear. P. Sougandis has
verified for us (private communication) that the left and right sides of (3) are always

viscosity sub and super solutions for (H-J).
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